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Abst ract - - In  this paper, we introduce and study a new system of variational inclusions involving 
(H, ~)-monotone operators in Hilbert space. Using the resolvent operator associated with (H, ~?)- 
monotone operators, we prove the existence and uniqueness of solutions for this new system of 
variational inclusions. We also construct a new algorithm for approximating the solution of this 
system and discuss the convergence of the sequence of iterates generated by the algorithm. © 2005 
Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Variational inclusions are an important generalization f classical variational inequalities and thus, 
have wide applications to many fields including, for example, mechanics, physics, optimization 
and control, nonlinear programming, economics, and engineering sciences. For these reasons, 
various variational inclusions have been intensively studied in recent years. For details, we refer 
the reader to [1-24] and the references therein. 
Recently, some interesting and important problems related to variational inequalities and com- 
plementarity problems have been considered by many authors. Ansari and Yao [3] studied a 
system of variational inequalities using a fixed-point theorem. Huang and Fang [13] introduced a
system of order complementarity problems and established some existence results for these using 
fixed-point heory. Kassay and Kolumbdn [14] introduced a system of variational inequalities 
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and proved an existence theorem using Fan's lemma. Kassay, Kolumb£n and P£1es [15] intro- 
duced and studied Minty and Stampacchia v riational inequality systems using the Kakutani- 
Fan-Glicksberg fixed-point theorem. In [21-23], Verma introduced and studied some systems of 
variational inequalities and developed some iterative algorithms for approximating the solutions 
of these systems of variational inequalities. Very recently, Fang and Huang [6] introduced a
system of variational inclusions and developed a Mann iterative algorithm to approximate he 
unique solution of the system. 
On the other hand, monotonicity echniques were extended and applied in recent years because 
of their importance in the theory of variational inequalities, complementarity problems, and 
variational inclusions. In [12], Huang and Fang introduced a class of generalized monotone 
operators, maximal q-monotone operators, and defined an associated resolvent operator. Using 
resolvent operator methods, they developed some iterative algorithms to approximate he solution 
of a class of general variational inclusions involving maximal q-monotone operators. Huang 
and Fang's method extended the resolvent operator method associated with an ~-subdifferential 
operator due to Ding and Luo [4]. In [5], Fang and Huang introduced another class of generalized 
monotone operators, H-monotone operators, and defined an associated resolvent operator. They 
also established the Lipschitz continuity of the resolvent operator and studied aclass of variational 
inclusions in Hilbert spaces using the resolvent operator associated with H-monotone operators. 
In a recent paper [7], Fang and Huang further introduced a new class of generalized monotone 
operators, (H, y)-monotone operators, which provide a unifying framework for classes of maximal 
monotone operators, maximal q-monotone operators, and H-monotone operators. They also 
studied a class of variational inclusions using the resolvent operator associated with an (H, ~)- 
monotone operator. 
Motivated and inspired by above works, in this paper, we introduce and study a new system of 
variational inclusions involving (H, ~?)-monotone operators in Hilbert spaces. Using the resolvent 
operator method associated with (H, r])-monotone operators due to Fang and Huang [7], we prove 
the existence and uniqueness of solutions for this new system of variational inclusions. We also 
construct a new algorithm for approximating the solution of this system of variational inclusions 
and discuss the convergence of iterative sequences generated by the algorithm. The present results 
improve and extend many known results in the literature. 
2. PREL IMINARIES  
Let 7-/be a real Hilbert space endowed with a norm I1" II and an inner product (., .} and let 2 n 
denote the family of all nonempty subsets of 7-/. Let us recall some concepts. 
DEFINITION 2.1. Let T, H : 7-l ~ 7-l be two single-valued operators. T is said to be: 
(i) monotone if 
(Tx -Ty ,  x -y l>_O,  Vx, y E 7-/; 
(ii) strictly monotone if T is monotone and 
(Tx - Ty, x - y) = O 
if and only if x = y; 
(iii) strongly monotone if there exists some constant r > O, such that 
(Tx -Ty ,  x -y )  >_r]ix-yl l  2, Vx, y an;  
(iv) strongly monotone with respect to H ff there exists ome constant ~/ > O, such that 
(Tx -Ty ,  Hx-gy}  >~/]ix-yl] 2, Yx ,  y eTl ;  
(v) Lipschitz continuous if there exists a constant s > O, such that 
]ITx-Tyll ___ sll - y11, Vx ,y  e 
DEFINITION 2.2. 
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A single-vaIued operator ~ : TI x 7"l ~ Tl is said to be 
(1) monotone if
(u - v, ~ (u, v)) > O, 
(u - ~, ~ (u , , ) )  >_ o, 
(2) strictly monotone if
Vu, v E TI; 
Vu, v E T-I 
and equality holds if and only if u = v; 
(3) strongly monotone if there exists a constant 6 > O, such that 
(~ , -~,  ,7(~,~)) > a I1~-  ~11 ~ , v~,~ e ~;  
(4) Lipschitz continuous if there exists a constant Z > O, such that 
I1~ (u,v)ll < ~- I lu - . l l ,  w ,~e~.  
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Definit ion 2.3. Let ~ : 7-I x 7{ --* ~ and H : 7~ --~ 7-[ be two single-valued operators and 
let M : TI --~ 2 n be a multivalued operator. M is said to be: 
(1) monotone if
(x -y ,  u -v l  >_O , Vu, vE?-/, xEMu,  yEMv;  
(2) ~pmonotone if 
(x -y ,  ~(u,v))>>_O, Vu, vE?-/, xEMu,  yEMv;  
(3) strictly ~l-monotone if M is ~-monotone and equality holds if and only f lu = v; 
(4) strongly v-monotone if there exists some constant r > O, such that 
(=-y,v(u,~))>rllu-vll 2, w, veT~, xEMu, yEMv; 
(5) maximal monotone if M is monotone and (I+AM)(7-/) = 7-l, for all A > O, where I denotes 
the identity operator on 7-[; 
(6) maximal ~?-monotone if M is ~?-monotone and (I + AM)(~) = ~, for all A > O; 
(7) H-monotone if M is monotone and (H + AM)(7-/) = H, for all A > O; 
(8) (H,~)-monotone if M is v-monotone and (H + AM)(?-/) = 7-l, for all A > O. 
REMARK 2.1. MaximM ~-monotone operators, H-monotone operators, and ( H, ~)-monotone op- 
erators were first introduced in Huang and Fang [12], Fang and Huang [5,7], respectively. Ob- 
viously, the class of (H, ~l)-monotone operators provides a unifying frameworks for classes of 
maximal monotone operators, maximal v-monotone operators, and H-monotone operators. For 
details about these operators, we refer the reader to [4,5, 7,12,25] and the references therein. 
For our results, we need the following concepts and lemmas. 
LEMMA 2.1. (See [7, Theorem 3.1].) Let ~ : ~ x 7-l ~ Tl be a single-valued operator, H : ~ -~ 7"{ 
be a strictly ~l-monotone operator and M : TI --+ 2 ~ be an (H, 7l)-monotone operator. Then, the 
operator (H + AM) -1 is single-valued. 
By Lemma 2.1, we can define the resolvent operator RH',~ as follows. 
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DEFINITION 2.4. (See [7, Definition 3.2].) Let T : 7-/ x 7./ --* 7./ be a single-valued operator, 
H : 1t --+//be a strictly T-monotone operator and M : 7./-~ 2 n be an (H, T)-monotone operator. 
The resolvent operator RH'~ : 7 . /~ Tl is defined by 
RH,~ M,~ (u) = (H +AM)  -1 (u), Vu E / / .  
REMARK 2.2. 
(i) When H = I,  Definition 2.4 reduces to the definition of the resolvent operator of a maximal 
T-monotone operator, see [12]. 
(ii) When T(U,V) = u -  v for all u,v E 7./, Definition 2.4 reduces to the definition of the 
resolvent operator of an H-monotone operator, see [5]. 
(iii) When H = I and T(U, v) = u - v, for all u, v E T/, Definition 2.4 reduces to the definition 
of the resolvent operator of a maximal monotone operator, see [25]. 
LEMMA 2.2. (See [7, Theorem 3.3].) Let T : 7-I x 7-( ~ 7-/be a single-valued Lipschitz continuous 
operator with constant % H : 7./--* 7./ be a strongly T-monotone operator with constant r and 
I:? H J? M : 7./--* 2 ~t be an (H, T)-monotone operator. Then, the resolvent operator *~M,~ : 7./ -+ %l is 
Lipschitz continuous with constant "r/r, that is, 
-<'11'-,-,,11- , v , . , , ve / / .  
r 
3. A NEW SYSTEM OF VARIAT IONAL INCLUSIONS 
In this section, we shall introduce a new system of variational inclusions involving (H, T)- 
monotone operators in Hilbert spaces. In what follows, unless otherwise specified, we always 
assume that 7./1 and 7./2 are two real Hilbert spaces, A C / /1  and B C / /2  are two nonempty, closed 
and convex sets. Let F : 7./-/1 x / /2  ~ 7./-/1, G : '~1 X ~'~2 --+ ~'~2, H1 : ~'~1 ~ ~-~1, / - /2  : / /2  -'+ 7-/2, and 
T : / /x  7 - / - - * / /be  five operators. Moreover, let M : 7./1 --* 2 nl  be an (HI,  T)-monotone operator 
and N : 7.//2 --~ 2 n2 be an (H2,T)-monotone operator. The system of variational inclusions is 
formulated as follows. Find (a, b) E 7/1 x 7./2, such that 
0 E F(a,b) + M(a) ,  
0 E G (a, b) + N (b). (3.1) 
Some examples of problem (3.1) include the following. 
(I) If M(x) -- A~(x)  and N(y) = Ave(y),  for all x E 7-/1 and y E 7./2, where ~ : 7./1 --* 
R U (+co} and ¢ : 7./2 --* R u {+co} are two proper, T-subdifferentiable functionals, 
and where Au~ and Au¢ denote the T-subdifferential operators of ~ and ¢ (see [4]), 
respectively, then, problem (3.1) reduces to the following problem. Find (a, b) E A x B, 
such that 
(F(a,b),  T (x ,a ) )+~(x) -~(a)  >_0, Vx e 7"Q, 
(3.2) 
(G(a,b), T (y ,b ) )+¢(y) -¢ (b)  >0, Vy E 7-/2, 
which is called a system of nonlinear variational-like inequalities. 
(II) If M(x) = O~(x) and N(y) = 0¢(y), for all x e 7{1 and y E 7./2, where ~ : 7./1 --* RW{+co} 
and ¢ : 7-/2 --+ R U {+co} are two proper, convex, lower semicontinuous functionals, and 
0T and 0¢ denote the subdifferential operators of T and ¢, respectively, then, problem 
(3.1) reduces to the following problem: find (a, b) E A x B, such that  
(F(a,b),  x -a )+~p(z ) -cp(a)>_O,  \/xET./1, 
(3.3) 
(C (a, b), y - b) + ¢ (y) - ¢ (b) > 0, V y E / /2 ,  
which is called a system of nonlinear variational inequalities. 
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(III) If M(x)  = OfiA(X) and N(y)  = 05B(y), for all x • A and y • B, where A C ~-~1 
and B C 7-/2 are two nonempty, closed, and convex subsets, and 5A and 5B denote the 
indicator functions of A and B, respectively, then, problem (3.1) reduces to the following 
system of variational inequalities: find (a, b) • A × B, such that 
(F(a,b), x-a)  >__0, 
(a  (a, b), y - b) ___ O, 
Yx•A,  
Vy • B, (3.4) 
which is the problem in [14] where both F and G are single-valued. 
(IV) If H1 = 7{2 = 7{, A = B, F (z ,y )  = pT(y) + x - y, and G(x,y)  = 7T(x) + y -  x, for 
all x, y • 7-/, where T : A --* 7{ ia a nonlinear mapping, and p > 0 and ~/ > 0 are two 
constants, then, problem (3.3) reduces to the following system of variational inequalities: 
find (a, b) • A x A, such that 
(pT(b)+a-b ,  x -a )  >0,  Vx•A,  
(3.5) 
@T(a)+b-a ,  x -b )>0,  Vx•A,  
which is the system of nonlinear variational inequalities considered by Verma [22]. 
(V) If a = b and p = % then, problem (3.4) reduces to the following standard nonlinear 
variational inequality problem: find an element a • A, such that 
for all x • A. 
<T (a), x - a> >_ 0, 
4. EX ISTENCE AND UNIQUENESS 
In this section, we will prove existence and uniqueness for solutions of problem (3.1). For our 
main results, we have the following characterization f solutions of problem (3.1). 
LEMMA 4.1. Let ~] : 7{ x 7-I -* ~ be a single-valued operator, H1 : 7{1 -~ 7-(1 and H2 : 7{2 "-* ~12 
be two strictly ~]-monotone operators, M : 7{1 ~ 7-[1 be (HI, ~])-monotone, and N : 7-12 ~ 7{-/2 be 
(H2,7])-monotone. Then, for any given (a,b) E 7{1 × 7{2, (a,b) is a solution of problem (3.1) if 
and only ff (a, b) satisfies 
a = R HI'nM,~ [H1 (a) - AF (a, b)] 
b = R H2'n Y,p [//2 (b) - pG (a, b)], 
where A > 0 and p > 0 are two constants. 
PROOF. The fact directly follows from Definition 2.4. 
THEOREM 4.1. Let ~ : 7-( x 7-[ ~ 7-[ be a Lipschitz continuous operator with constant a. Let 
HI : ~1 --+ 7{1 be a strongly q-monotone, Lipschitz continuous operator with constants ~1, Vl, 
and H2 : 7{2 ~ 7-12 be a strongly ~l-monotone, Lipschitz continuous operator with constants ~/2 
and T2. Let M : 7{1 -* 2 ~1 be (H1, ~)-monotone and N : 7"[2 --* 2 ~2 be (H2, ~)-monotone. Let 
F : ~1 x TI2 --~ Tll be an operator, such that,/'or any given (a, b) • 7{1 × 7{2, F(., b) is strongly 
monotone with respect to H1 and Lipschitz continuous with constants rl and sl, respectively, 
and F(a, .) is Lipschitz continuous with constant ~. Let G : Tll x 7-[2 ~ 7{2 be an operator, 
such that, for any given (x,y) • 7-ll × 7{2, G(x, .) is strongly monotone with respect to H2 and 
Lipschitz continuous with constant r2 and s2, respectively, and G(., y) is Lipschitz continuous 
with constant ~. Let there exist constants p > 0 and A > O, such that 
(4.1) / 
71c~¢/~ "2 - 2Ar2 + A2s 2 + "72~p0 < "Y1~2. 
Then, problem (3.1) admits a unique solution. 
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PROOF. For any given A > 0 and p > 0, define Tp : ~1 x ~'~2 ~ 7~1 and S), : 7-ll x 7-[2 --~ ~-~2 by 
= DH2,n [/-/2 (v) -- AG (u, v)] (4.2) Tp (u, v) RH~,n [H1 (u) - pF  (u, v)] and Sx (u, v) = "~N,~M,p 
for all (u, v) • 7-tl x 7/2. 
For any (u l ,v l ) ,  (u2,v2) • 7/1 x 7{2, it follows from (4.2) and Lemma 2.2 that  
[[Tp('U,1, Vl) -- Tp('a2, v2)[l _~ a l]Hl(ul)  - H i (u2)  - p(F (u l ,v l )  - F(u2,  v'~))l[ ")'I 
O" 
<_ - I IH , (~, )  - H i (u2)  - p(F(Ul, vl) - -  F(u2, vl) )ll 
71 
+ P° llF(u~, Vl) -- F(u2, v2)ll 
(4.3) 
and 
l lS~(~,  vl) - s>,(u2, ~2)II ~ ~ llH2(v~) - H2(v2) - A(G(ul ,  Vl) - G(u2, v2))ll 
_< a l lH2(v l  ) - H2(v2) - A(C(u l ,v l )  - G(ul,v2))H 
"/5 
Aa 
+ - - l lV( ,~, , ,~)  - G(,~2, v2)ll. 
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(4.4) 
By  assumptions, we have 
IIH1 (ul)  - H1 (u2) -p  (F  (Ul, Vl) - F (u2, Vl))ll 2 
= [IH1 (~tl) - H1  (~)l l  2 - 2p(F (~tl, v l )  - F (u2, V l ) ,  
Hi (Ul) - H1 (u2)) + p2 []F (ul, vl) - F (u2, vl)[I 2 
<_ (712 -- 2prl  + p2821) I[Ul -- U21[ 2 
(4.5) 
and 
IIH2 (v~) - H2 (~,=) - .~ (G (u~, ~)  - G (u~, v2))ll 2 
= iIH= (v,) - H2 (v=)ll = - 2A(G (ul, Vl) -- G (Ul, V2), 
//2 (vl) - / /2  (v=)) + >2 t lG(u l ,v , )  _ G(u,,v2)l[2 
_< (~-~ - 2~,-= + ~,%~) fly, - ,,211 ~ • 
(4.6) 
Furthermore,  
I IF  (~2, Vl) - F (it2, v2)[[ < 0 llvl - ~211 (4.7) 
and 
(4.8) 
It follows from (4.3)-(4.8) that  
liT,, (u~, vl) - Tp (u2, v2)II < ~( ~/,r~ - 2pr~ + p2s~ flu, - u2 II + o-pj llv, - ,,2 II, 
-- 3'1 
lISA (u l ,v l )  - Sx (u2,v2)ll < a ~-~ - 2Ar2 + A2s 2 IlVl - v2l[ + - -  Ilul - u21l. 
- 72 9'2 
(4.9) 
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Now, (4.9) implies that 
liT. (',~, v0 - Tp (u2, v2)II + II & 0'1, ,.1) - & 0'2, ~'z)ll 
< r~-2pr ,+p2s2+ 0'2 ] 
+ r~ - 2~r2 + %2s2~ + 3`~ / 
< k (llUl - u~ll + Ilvl - .211), 
(4.10) 
where 
k = max ~--~ (7-?  - 2~ + p2~ + __  
t 3`l--  
Define [l" ]Jl on 7"/1 x 7-/2 by 
3'2 
O" 
3`2 v/7-  - + "#° 3`~ ) 
II(u,~)ll, = IMI + Ilvll, v (~,,) ~ 7/1 x ~2. 
It is easy to see that (7/1 x 7/2, II II1) is a Banach space. For any given % > 0 and p > 0, define 
Q~,p : 7/1 x 7/2 -+ 7-ll x 7/2 by 
Q~,. (~, ~) = (T~ (~, ~), & (~, ~)), V (~, ~) c 7/1 x ~2. 
By (4.1), we know that 0 < k < 1. It follows from (4.10) that 
IIQ~,,. (~1, Vl) - -  Q:,,p (u2, v2)ll: ~ k II (~:, y l)  - -  (U2, '02)I12. 
This proves that Q~,p : 7-ll x 1-12 -+ 7"ll x ?'/2 is a contraction operator. Hence, there exists a 
unique (a, b) C ~1 x 7-/2, such that 
Qx,p (a, b) = (a, b), 
that is, 
a = RH~,~ " [H1 (a) - pF (a, b)], 
b = R g2m N,X [g2 (b) - AG (a, b)]. 
By Lemma 4.1, (a, b) is the unique solution of problem (3.1). 
REMARK 4.1. From Theorem 4.1, we can get the existence and uniqueness of solutions for 
problems (3.1)-(3.5). 
REMARK 4.2. From Definition 2.1, we know that 
r 1 < 811-1, 1" 2 < 827- 2. 
REMARK 4.3. If p = A > 0 is, such that 
jp r10"2~r2 -- 720"2~ v/(~1710.2 _ 3`120'2~) = _ 3`I (0.27-? _ 0"~) (@1 = _ 0"=~2) 
0. (0 ' I~ - 7~¢=) 
(0"27-/'?--712) (3`22821 -- 3`12{ 2) < (r1")'20. 2 --72~) 2 , 720 2 < 3`2S2 
and 
(3`~ _ 0"~e~) 0. < 
I 
w l ,2 0'2 3`~(0.2q ~ 2 ,  -- -- 3`2) (3`)'182 -- 3` 202) 
0. (@~ - 7~e2) 
(0.27-#_ 0"~) = 2 , 0"~e 2 < 0"1,2, b , *2  - 7~e 2) < (r27,0. = - 7~e) = 2  
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5. ITERAT IVE  ALGORITHM AND CONVERGENCE 
In this section, we will construct the Mann iterative algorithm for approximating the unique 
solution of problem (3.1) and discuss the convergence analysis of the algorithm. 
LEMMA 5.1. Let {c,~} and {k,~} be two real sequences of nonnegative numbers that satisfy the 
following conditions. 
(i) 0 _< kn < 1, n = 0 ,1 ,2 . . .  and l imsupn kn < 1. 
(ii) cn+l _< kncn, n = 0, 1, 2 . . . .  
Then, c ,  converges to 0 as n ~ oo. 
PROOF. By (i), 0 <__ l imsup,~kn = l < 1, and thus, there exists N, such that, for n _> N,  
kn _< (1 + 1)/2. Moreover, by (i), 0 <_ k~ < 1, for all n, and hence, 0 _< kn < max{k,~ : 0 < n < 
N} = kp < 1. Thus,  0 < kn <_ d = max{kp, (I + 1)/2} < 1. Thus, c~+~ < kncn <<_ dan, for n >__ 0, 
and iterating, we have c,~ < d'~c0. Thus, cn converges to 0 as n --* c~. | 
ALGORITHM 5.1. Let r/, H1 , / /2 ,  M,  N, F ,  and C be the same as in Theorem 4.1. For any given 
(ao, bo) 6 ~11 x 7{2, define the Mann iterative sequence {(an, bn)} by 
a~+l = a ,a ,  + (1 - a~) RH~,'p " [Hi (a,) - pF (a,,  b,)] ,  n = 0, 1, 2 , . . . ,  
(5.1) 
b,,+, = ~,b ,  + (1 - ~n)  R~, ,  [H~ (b,)  - ~a  (an, bn)],  n = 0, 1, 2 , . . . ,  
where 
0 < a~ < 1 and lim sup a,, < 1. 
n 
THEOREM 5.1. Let ~, H1, H2, M,  N,  F, and C be as in Theorem 4.1. Assume that all the 
conditions of Theorem 4.1 hold. Then, (a~, b~) generated by Algorithm 5.1 converges trongly 
to the unique solution (a, b) of problem (3.1) and there exists d e [0, 1), such that  
[la~ - all + IIb~ - b[I ~ d '~ (llao - all ~-Ilbo - bll), for all n >__ 0. 
PROOF. By Theorem 4.1, problem (3.1) admits a unique solution, (a, b). It follows from Lem- 
ma 4.1 that  
= a~a + (1 - a~)" ~M,,~H' '~ [H~ (a) - pF  (a, b)], 
(5.3) 
,g2 . ,  [H2 (b) AG (a ,b ) ] .  b = anb + (1 - a~) ,  °g,~ 
and 
By (5.1) and (5.3), 
Ila~÷l - all ~ ~ Ilan - all + (1 - an) R~f  [H1 (an) - pF (an, bn)] - R~4x,'p n [HI (a) - pF (a, b)] 
<__ an []an -- all + (1 -- an) a.~ [[H1 (an) - H1 (a) - p (F (an, bn) - F (a, b))11 
"Y1 
< a .  [la~ - ~11 + (1 - ~)  a_  I[H1 (an)  - H i  (a) - p (F  (a,~, b,~) - F (a, b~))l l  3'1 
+ (1 - a~) ~-2-P IIF (~, b,) - F (a, b)ll 
71 
a_./T21 +P2s~lla~-al[+(1 a'~) aPO IIb=-b]l _< a -  Ila~ - all + (1 - ~,) V - 2prl - - -  
71 71 
(5.4) 
_ _ RH2,v [H2 (b) - XC (a, b)] [Ib~+l b[I <an l Jb , -b i lq - (1 -a~)  RH~IV[H2(b,,)-AG(a,,,b,~)] - N,X 
cr 
_< ~ IIb,~ - bll ÷ (1 - a,~) ~ IIH2 (b,~) - H2 (b) - ;~ (G (a,~, b,~) - G (a, b))ll 
1 tr < on IIb~ - bLI + ( - ~)  - -  IIH2 (b~) - H2 (b) -- ~ (C  (~,  b . )  -- C (~. ,  bl)lL 
3'2 
~rA 
+ (1 - a,~) - - I IC  (a,~, b) - C (a, b)[I 
"t2 
O" 2 '  <a,~[lb,~-blt+(1-a,~)-~--2@r2 - 2Ar2 + A2s22 [Ib~ - bll + (1 - a~) Ila~ - ~11. 
(5.5) 
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It follows from (5.4) and (5.5) that 
I lan+x -- all + llbn+x - bll ~ an  ( l lan -- all + Ilbn - bit) + (1 - an)  k ( l lan - air + Ilbn - bll) 
= (k + (1 - k) as )  ( l lan - all + Ilbn - b[I), (5.6) 
where 0 < k < 1 is defined by 
Let 
c~ = Ilan -- all + Itbn - bll 
Then  (5.6) can be rewr i t ten as 
OAt __~ ~/T~ -- 2~r2 + ~S~ + opO } 
"{2 '72 - -  71 
and kn = k + (1 - k) an. 
Cn+l < knc~, n = 0, 1, 2 . . . .  
By (5.2), we know that limsupn k n < 1, It follows from Lemma 5.1 that 0 < kn _< d < 1 and 
that 
Ilan - all + Hbn - bll < d n (llao - all + Ilbo - bH), for all n _> 0. 
Therefore, (an, b~) converges geometrical ly to the unique solut ion (a, b) of problem (3.1). | 
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